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Abstract: Transformation between ellipsoids also called datum transformation
implies coordinate conversion from one ellipsoid to another ellipsoid, most
frequently to be done by Helmert seven-parameter transformation. Transformation
parameters involve three rotation, three translation and scale factor and they can be
calculated using reference points which are known before and after transformation.
Transformation parameters can be obtained with appropriate measurements and in
accoradance with measurement uncertainties, they are produce errors of
transformed coordinates. This paper describes standard errors of transformed
coordinates using Helmert seven-parameter transformation, when switching from
ellipsoid WGS84 to Bessel ellipsoid.
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1 INTRODUCTION

The physical surface of the earth has irregular shape which is not mathematically
defined, therefore the shape of the Earth is approximated with mathematically defined
surfaces such as ellipsoid and sphere. Dimensions and relationship between rotational
ellipsoid and Earth is called geodetic datum. In the Republic of Serbia, until January 1,
2011 had been applied geodetic datum MGI 1901 established during Austro-Hungarian
monarchy with Bessel 1841 reference ellipsoid (Wikipedia, 2016). This can be seen as
local geodetic datum.

From January, 1 2011 and onwards, in the Republic of Serbia for reference system is
applied three dimensional coordinate system who matches with the European Terrestrial
Reference System 1989 (ETRS 89), by definition of the coordinate origin, coordinate
axis orientation, scale, the unit of length and time evolution (Gani¢ et al., 2012). For
mathematical model of the Earth in the Republic of Serbia is adopted referential two-
axis rotational ellipsoid called Geodetic Reference System 1980 (GRS 80), and this can
be seen as global geodetic datum.
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Satellite geodesy, i.e. Global Positioning System (GPS) has become more and more
represented in the realization of various geodetic tasks. Data, i.e. coordinates of the
points which are determined by GPS observations define position of the points on
rotational ellipsoid called World Geodetic System 1984 (WGS 84) which is slightly
different from the GRS 80 ellipsoid (semi-major axis are equal and deference between
semi-minor axis is 0.105mm) (Wikipedia, 2017). With GPS observations are determined
rectangular coordinates X, Y , Z which are referred to three-dimensional rectangular
coordinate system. Coordinate center of this system coincidence with ellipsoid center,
i.e. center of the Earth (global datum is geocentric), whereby the X-axis lies within the
plane of Equator and it is normal to intersection point between the Equator and
Greenwich meridian, the Y-axis lies within the Equator plane and it is normal to X-axis
and the Z-axis is oriented towards the mean axis of rotation of the Earth. For the purpose
of the further application, these rectangular coordinates are transformed into curvilinear
coordinates such as geodetic (ellipsoidal) longitude L, geodetic (ellipsoidal) latitude B
and ellipsoidal height h (Figure 1) (Jovanovi¢, 1983). In the further, curvilinear
coordinates are transformed in the plane of the conformal Universal Transverse Mercator
(UTM) projection which represent new state projection in the Republic of Serbia, i.e.
new state coordinate system in the horizontal plane.

Figure 1 Rectangular and curvilinear coordinates
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2 DATUM TRANSFORMATION AND ERRORS OF THE TRANSFORMED
COORDINATES

Law obligation in the realization of the geodetic tasksis that coordinates of the points in
the horizontal plane need to be expressed in relation to the new state coordinate system.
However, in the cadastral municiplities where the new coordinate system has not ben
implemented are still in use coordinates expressed into Gauss-Kruger projection. Also,
some Investors still require informations about points into Gauss-Kruger coordinate
system which is related for Bessel rotational ellipsoid.

Datum tranformation of the coordinates between new state coordinate system and Gauss-
Kruger coordinate system is determined by Helmert seven-parameter transformations
and correction from grid rezidual that are uniquely determined for teritory of the
Republic of Serbia.

Seven-parameter transformation consists three translations of the coordinate center by
axes ty, ty, t,, three rotations of the coordinate axes &, g, & and change in the scale s
(Figure 2). The datum transformation is performed at the level of the rectangular
coordiantes X, Y, Z. Equation of the seven-parameter transformation in the matrix form
is given as (Basi¢, 2017; Gojkovi¢ et al. 2017):

X Bes 1 +é, _gy XWGS tx
Yoo [=(1+5)-| =&, 1 +& || Yoes |+|1, (1)
ZBes +gy —& 1 ZWGS tz

ZBes A

Ywes

Xwes

XBes

Figure 2 Helmert's seven-parameter transformation
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In the Republic of Serbia, global transformations parameters are determined by 1217
points of state trigonometric network. Parameters are determined with standard errors
shown in the table 1 (Republi¢ki geodetski zavod, 2017).

Table 1 Global transformation parameters with standard deviations

Parameters Standard deviation
t, = +574.02732 m oy, = 0.015m

Translation t,=+170.17492 m o, =0.015m
t, =+401.54530 m o, =0.015m

&, =—4.88786" o, =0.032"
Rotation &, =+0.66524" o, =0.049"
g, =+13.24673" o, =0.044"

Scale S =+6.88933 ppm o, =0.106 ppm

Considering error propagation law, it is of the important interest to know how parameters
errors affect on the accuracy of the transformed coordinates, i.e. what are values of the
errors of the transformed coordinates considering standard errors of the parameters.

For that cause, matrix equation of the seven parameter transformation (1) are shown as
follows:

Xies = (145) Xyygs +(1+5)- &, - Ygs —(1+5)- &, - Zygs +1,
Yoes =—(1+5)- &, - Xpyas +(1+5) - Yiuss +(1+5)- &, - Zyyes +t, (2)
Zoo =(1+ s)-gy Xues —(1+5) & - Yos +(1+5)- Zygs +1,
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Considering error propagation law, for equations (2) need to be determined partial
derivatives by transformation parameters, shown below:

X N, oz

ﬁ = Xwes € “Yues — &y Zwes s ==&, Xyes + Ywes T & Znes) ﬁ: &y Xues — &« Yuos + Zwes)
ax es . aY es . az es .
TB:(1+3)-YWGS, ﬁ:—(lJrs)-XWGS, ﬁ:(lJrs)-XWGS,
z z y

Kos __(115)-Z,; Mes _(145)-Zyee: oo __(115) Yoo 3)
2, Gs o, Gs » o, WGs
aXBes :+L aYBes :+1; aZBes :+1

ot ot at,

X y

Standard errors of the transformed coordinates, considering standard deviations of the
transformation parameters are calculated by using the following equations:

2 2
2 2 " 2 " 2
O, o,
Gx — 8)( Bes . 052 + ax Bes . £z + ax Bes . y + ax Bes . 0-1 2
o 0s Oe, o Og, o ot, "

2 2 " 2 " 2
O, O,
o, = aYBes . O_SZ + aYBes . & + aYBes . &x + aYBes -0, 2 (4)
e 0s o, P o¢, o at, ’

Where values of the standard errors of the angles are given in the
radians ( 0" = 206 265").

3 EXAMPLE

Standard deviations of the coordinates are calculated for point located near building of
the faculty for Mining and Geology University in Belgrade. Rectangular spatial
coordinates are:

Xwes =4 245960.149m; Ywes=1585245.324 m; Zwes=4472803.986 m

According to the equations (3), calculated partial derivatives by transformation
parameters are shown below:
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LTSS =4245501.716 m Now =1585773.854m e =4473090.907 m
0s 0s 0s
Z
N =1585384.272m Now =—4245559.858 m e =4 245559.858 m
O¢, o€, Oe,
X
Nees _ —4473111.352 m Mo =4473111.352 m 225 =-1585384.272m
oe, os, oe,
OX ges 1 0Ygeq i 0Z, 1
8t>< aty atz

Standard deviations of the transformed coordinates onto Bessel’s ellipsoid, according to
the equations (4) are:

oy, =1203m; o, =1153m; o, =1141m

4  CONCLUSION

Datum transformation carried out using Helmert’s seven-parameter transformation
allows transition from one reference elipsoid to another and vice versa. However,
transformed coordinates on this way are within metric accuracy.On the territory of the
Republic of Serbia, the standard errors of the transformed coordinates are in the range of
1176 m<o, <1216 m; 1.149 m< o, <1.162m; 1.126 m< o, <1.170 m. Therefore,

the transformed coordinates of the geodetic points can not be used for state survey works
or for cadastral tasks, and especially for tasks where higher accuracy of data are required.
The only right thing for realization geodetic tasks using GPS technology is to be used
AGROS network of permanent stations or points which belong to Serbian Referent
Frame (SREF) network with expression of the coordinates in the horizontal plane in
Universal traverse Mercator projection.
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